Given any infinite cardinal τ , there exists no Banach space of density τ , which is Asplund or has the Point of Continuity Property and is universal for all reflexive spaces of density τ .
In the framework of Banach space theory, the universal space problem can be traced back to the Scottish book [M] problem no. 49 which asks about the existence of a separable (resp. separable and reflexive or Asplund) Banach space containing all separable (resp. separable and reflexive or Asplund) spaces isomorphicaly. The case of separable spaces has a classical positive solution C[0, 1] (Banach and Mazur), while the reflexive or Asplund case has a negative solution (Szlenk [S] , resp. Wojtasczyk [W] ). In our present note we give a negative answer to the reflexive and Asplund situation for arbitrary densities, with a proof that also applies to the original problem. Our method of proof is essentially a blend of ideas from [S] and [AB] . It is perhaps less known that Banach-Mazur theorem also generalizes for arbitrary densities. Yesenin-Volpin [Y] has shown the existence of a C(K) space of density τ , which contains all spaces of density τ isometrically, for every cardinal τ . It is rather surprising that the WCG version of the question, which has been solved by Argyros and Benyamini (assuming GCH) , has a positive answer if and only if cof (τ ) = ω. In particular, there exists a WCG space of density ℵ ω containing isometrically and complementably all reflexive spaces of the same density, but there is no such reflexive space. There has been a large number of papers on the subject of universality (including various more specialized classes of spaces). Most notably, Bourgain [B] has shown that a Banach space universal for all separable reflexive spaces contains C[0, 1], and thus also every separable space. It follows from the construction in [AB] of a universal WCG space of density ℵ ω , that Bourgain's result does not generalize to arbitrary densities. We refer the reader to the upcoming monograph [HMVZ] for a comprehensive list of results and references related to universal Banach spaces.
Our notation is standard, ω is the least infinite ordinal and τ stands for an arbitrary infinite cardinal, which we identify for convenience with the least ordinal of the same cardinality. Then, τ + denotes its successor cardinal. The main tool used in our proof will be a version of the Szlenk index (equivalent to the original index introduced by Szlenk in the case of spaces with a separable dual [L] ), which is suitable also in the nonseparable setting (for a detailed account of results an applications of the Szlenk index see [L2] ). The closed unit ball of a Banach space X will be denoted B X .
Definition 1. Let X be an Asplund space, B ⊂ X * be a w * -compact subset. Given ε > 0, put B ε 0 = B. Proceeding inductively, if α is an ordinal, put (B) . In case when B = B X * , we abuse the notation slightly by denoting Sz ε (X) = Sz ε (B) and calling Sz(X) = Sz(B) the Szlenk index of the space X.
Few remarks are in order. It is clear that the Szlenk index of a Banach space Sz(X) is invariant under linear isomorphisms. The restriction of the definition to the class of Asplund spaces is not arbitrary. A well-known characterization of Asplund spaces (due to several authors, in particular Namioka, Phelps, Jayne and Rogers, see [DGZ, Thm. I.5 .2]) claims that a Banach space is Asplund if and only if every w * -compact subset of the dual has a non empty w * -open subset of diameter less than ε, for every ε > 0. This is exactly the condition needed for the derivation process to end at some ordinal.
It is clear that G ⊂ B ⊂ B X * implies that Sz(G) ≤ Sz (B) . In particular, using the natural identifications, we immediately see that Sz(Z) ≤ Sz(X), whenever Z is a linear quotient space of X. Moreover, we have the next lemma. 
Choose a net p ξ ∈ P , i * (p ξ ) = s ξ . Since P is w * -compact, there exists a w * -convergent subnet p ζ w * → p ∈ P . Clearly, i * (p) = s and p ζ − p ≥ ε 2 for all ζ. So, we have that for every w * -neighbourhood W of p in P , diam(W ) ≥ ε 2 . Thus p ∈ P ε 2 1 , and the claim follows. A standard induction argument now yields that Sz ε (S) ≤ Sz ε 2 (P ). We conclude the proof of the lemma by applying this result to P = B X * and S = B Y * .
Lemma 3. Let X be an Asplund space of density τ . Then Sz(X) < τ + .
Proof. To this end, it suffices to show that Sz ε (X) < τ + for every ε > 0. Indeed (in ZFC, [J, p. 27] ), τ + > ω is a regular cardinal, so cof (τ + ) > ω, and Sz ε (X) ε→0 → Sz(X) < τ + . By Theorem I.5.2 of [DGZ] , for every w * -compact subset K ⊂ X * , K ε α has a nonempty w * -open subset disjoint with K ε α+1 . Thus K \ K ε α forms a strictly increasing long sequence of w * -open subsets of K. Recall that K has a basis of the w * -topology of cardinality τ , which implies that K ε α = ∅ for some α < τ + , as claimed.
Recall that the height η(K) of a topological space K is the least ordinal β for which the Cantor derivative K (β) is empty.
Lemma 4. Given an infinite cardinal τ , for every α < τ + there exists a strong Eberlein compact K ⊂ c 0 (τ ) with height at least α.
Proof. Recall that a strong Eberlein compact is a subset K ⊂ c 0 (τ ), consisting of {0, 1} valued finitely supported functions, which is compact in the pointwise topology. It is easy to see that in such a compact, it does not exist any infinite sequence A 1 A 2 . . . of finite subsets of τ , such that χ Ai ∈ K. Consequently, K (hereditarily) has isolated points and is a scattered compact. Therefore the height η(K) is well defined. Since K may be viewed as a subset of τ <ω , it is clear that η(K) < τ + . To construct K with η(K) ≥ α, we proceed by induction.
It is standard to verify that K is a strong Eberlein compact. It follows that |Γ| ≤ |τ · α| = τ and η(K) ≥ β + 1 for all β < α, and so K satisfies η(K) ≥ α.
Theorem 5. Let τ be an infinite cardinal. Then for every τ ≤ α < τ + there exists a reflexive Banach space X α of density τ and such that Sz(X α ) ≥ α.
Proof. Let K ⊂ c 0 (τ ) be a strong Eberlein compact with η(K) ≥ α. By the [DFJP] factorization theorem there exists a reflexive space Y α (WLOG of density τ ), and a bounded linear and injective operator T : Y α → c 0 (τ ), K ⊂ T (B Yα ). Being reflexive, Y α is naturally a dual space, and so we have Sz(T −1 (K)) ≤ Sz(B Yα ). Besides, we have f − g = 1 whenever f, g ∈ K, f = g. Thus there exists some ε > 0 such that T −1 (f ) − T −1 (g) ≥ 2ε for all f = g ∈ K. It is now easy to verify that T −1 (K (β) ) ⊂ (T −1 (K)) ε β , and so we have Sz(
Theorem 6. Given an infinite cardinality τ , there exist no Asplund space of density τ universal for all reflexive (in particular also Asplund) spaces of density τ .
Proof. By previous results, Sz(X) < τ + for every Asplund space of density τ . On the other hand, for every α < τ + , there exists a reflexive space X α of density τ and such that Sz(X α ) > α. Lemma 2 finishes the proof.
We recall that a Banach space X is said to have the Point of Continuity Property (in short PCP) if for every weakly closed and bounded subset F of X and every ε > 0, the identity map from (F, w) to (F, ) has a point of continuity. If F ⊂ X is weakly closed, one can define a derived set F ε [1] by deleting all the weakly open subsets of F of diameter less than ε. Then, S ε (F ) is the least ordinal α such that S ε
[α] (defined inductively as before) is empty, S(F ) = sup ε>0 S ε (F ) and (abusively) S(X) = S(B X ).
Let τ be an infinite cardinal. If X is a Banach space of density τ and with PCP, then we clearly have that S(X) < τ + . Now, if X is universal for all reflexive Banach spaces of density τ , then, for any τ ≤ α < τ + , Y α → X, where Y α is the reflexive space built in the proof of Theorem 5. These observations clearly yield the following statement.
Theorem 7. Given an infinite cardinality τ , there exists no Banach space of density τ having PCP, that is universal for all reflexive (in particular also RNP or PCP) spaces of density τ .
Final remarks. Our results can also be proved by extending Szlenk's construction after the first uncountable ordinal. This consists in defining X α inductively as follows. X 0 = 2 , X α+1 = X α ⊕ 1 2 and X α = ( β<α X β ) 2 if α is a limit ordinal. The interest of our argument lies in the simple construction of an Eberlein compact space K of height greater than α, which is a concrete witness (through the factorization operator T ) of the fact that Sz(X α ) ≥ α. We work directly with the dual balls of our spaces. This topological approach is in line with [Y] , [AB] and most recently [Be] . It brings up the following natural general question. Given a class of compact spaces, which is closed with respect to taking quotients, does there exist a universal element with respect to taking quotients of a given weight? Its "dual" version then reads: given a class of Banach spaces, closed with respect to taking subspaces, does there exists a universal space of a given density character? The "duality" here is in the sense that the dual unit ball of the Banach space, with its w * -topology (which is always a compact space), belongs to the desired class of topological compact spaces. It seems that for classes of topological spaces which are fragmentable in some metric, there may be a chance to obtain a negative answer by building up an index theory along Szlenk's lines. If fragmentability is not present, another invariant has to be sought, or perhaps the answer is positive, as it is in the most general case of all compact spaces. We find particularly interesting the case of Corson compacta, not fragmentable in general ( [AM] , [F] ), corresponding to the WLD Banach spaces ( [FHHMPZ] ).
